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4 Thig report presents the basic formulus of lethal-ares
j caleulation, The writer has primarily referred to warlous
- reports published by the Ballistic Research Laboraterles of f
3 Aberdeen Proving Ground and the reader should refer to the -
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Table of Symbols

Expected number . of hits om the target.

‘Density of fragments normal to fragment peth.

Prusented aresa of target naormal te the fragment path.
Fragmenis per. unit area of the missile surface.
Height of burst.

Angle of fragment path from ins vertical axis from the
ground.

Radius of & spherical missile.

Fragment distribution per unit arca on & target normal
to the fragment path R  unites from the center of burst.

Distanoce the fragment must travel from the center of
burst to the intended target.

Diatance the fragment travels froem the center of vurst
to the experimental btarget.

Contribution to the kinetioc energy of an exploding body
by & unit of explosive mass,

Spherical coordinates.

Mass per unit volume of explosive.
Initial freagment velocity.
Volocity of the gases.

Total weight of oxpl.oaive.

Total welght of fragments

Gurney conu*l;.unt.

Drag force.

Mass of a fragmont-
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Velocity.

Presented areca of a fragment.
Density of air.

Drag coefficient.

Conditional probability that if o single fragment hits
the target 1t will disable the target.

Expected numbsr of disabling hits on the bargst.
The probability that the target will be disabled.
The number of targets disabled.

Number of targets per unit area.

TLethal area.

Polayr coordinates.
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INTRODUCTION:

1, The major funobtion «f any warhead ig tha elimination
of its intended target. The probebility of acccmplishing
thic mission depende on the cmractoriwios of the weapon
system, the lethal potential of the werhead, and the rezis-
tance of the target. A projectile which has pinpoint
accuracy is obviously useless ii' the lsthality of the
projectile is not enongh to damage the targset. - Of course
the canverse is alsc true: that the lethal potential of a
projsctile is wasted if it does not reach the target, It
is therefore concliuded that a balance must be drawn te
produce the optimum design of & weapon system.

2. One vital phase of weapon design which wust be
considered by the Ordnance designer is the dstsrmination
of the .ethality of the warhead and its utilization with
other factors in the sslection of cptimum design parsmeters.
The object of thias report is to p.esent the basic formulas
necessary for the caloulation of & warhead's lethality.

Bnte o eao A e -
%. A convenident facisr whisch 1s «© pressavative ol &
]

-]

warhead's lethal potential is lethzl area. Altheugh lethal :
area has the units of area, it doas not have the phymical
significance of area. It perhaps could have been more
fittingly called "casualty index", since lethal ares mului=-
plied by the number of targets per unit area results in the
awnber of targets disahled. It is oxpressed mathematiocally

P.d44 where the limits of integration aro determined
by terrain limitatious. :

4., The principsal use of leothal area is in comparing one
woapon system with ancther. This comparison may be mads in
terms of lethal ares per round, lethal area per pound, the
lethal area & system can produce in & given amount of time,
etioc. The comparison uzed will be determined by the tactical

gituation most commonly encocuntered with the weapon being
considered.

5. To caloulate lothal ares, certain information must -
be known. The Iragment distribution and the area of the
target must be kmown so that the expected number of hits on
e target oen be devermined. In addition, the impact
veloolty of the {regment must be knosm. This requires = )
knowledges of “he initial fragment velocity and of the !

‘yelosity decay over the distance traveled Ly the fragment.

v

4 i
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- 6o The expocted pumber of kite cn o barget Lo tho prodash
of ths number of fragments per wmld ares ab ihs Tarsss
projested area of ths target normsl Yo %o fragzeal of
can he expressed as

BT Pudy =

whare
Pu = Pragaant deusity nommal o the
fragment patho
&, = Presented eres of target moreal
to the fragzent poth
By, = BExpected number of itz @ the

target

This equatiom for B, is good, providing Oy 1s kmom. Before
fabricating sny models, one mmst rescrt e mathematiosl expressiom
Lor Py - PN is primarily & funotien of the nwaber of frogmemte

per wnit area of missile surface and the shape of the wmissile surface.

* The mathematical caiculatian of fragmet demsity is glven extensive
treatment im & réport, now in rough draft form and nct yet ready
for release, entitled The Influence of tas Surface Contour of an

Bxploding Body - w0t Dletioration by Wilard K. Bensam,
on "Arsenal, Dover, fis Jo Aec Flgures 1 and 2 fer a sumsary

of that report.
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Te Yor an air-burst splers, Pﬁoaa be expreused as

3 - ( %\"
waere x
' Fig 3}
Cs = Frageats per unit area of missile surfacs
2 g Badiusg of ke sphers
b g Helght of turst

8 g ingle of fragment path from the vgﬁ;s.oal axip
8o Obviously Oy can also be exparimentally debermined

moe e model iz Mbrisated, and it is ocusidered wdvisable to do
80 £0 cheok the theoretical predioted fragment distribytien, It
is more m?eraia!.‘a in this case ¢ express E, as

s (By rg%Ra A, | (3) ‘

‘D“R- Fragment ds stribubisn por wmit area on &
sarget, normal to the fragment path, R units
from the center of tarst

..R = Distaxce tke f:-apwnt travels from the cember
of burst to the experimental -tm-geﬂk

v = BMataace the fragment st travel froa the ceater
of barut to the ';ntpgglqa targes

e The aversgs predentsd cres of & lapman tarsst unprotected
by waterial obatruction can be approximated cs
Ay =z 3ol F 1010 cos & 5¢ 8% (L)
N .
For & groand ‘bun*s, then, A, = 3disg £t

O~
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10, In the presentation of the sbove Information two
assumphtions wsre mada that are not slways velid:

{a) The velocity of the warhead is small in
somparison with the fragment velocity.

(b) The target is complately axposed 4o +the
fragment spray.

11, The ssgumptions were purposely mads so that the
gerisral approsch of the report would not become mathemsti-
cally over~complicated. .It is possibls, however, to include
the above influence in & neat and orderly fashiong(Ref 1).

FRAGUENT VELOGITY

3

lothal area iz the striking velocity of the fragments upon
contacting the target. To debermine ths striking velocity,
it iz necessary to know the initial fragment veloocity and
Yhe velocity decay along its trajectory.

12, Ono of ‘the moat important paremeters affocting

13, The initial fragment veloeivy for a convonbtional
shell 1is closely predicted by the Lsm-aﬁy formula {Ref 2).
In his thesis Gurdey assumed that ths contributicn to the
kinatic energy of the sxplozive gases and metal fragments
made by the detonation of emch unit massz of explosive is the
same in all types of projectiles.

14, Consider the application of this statemant to a
spherical shell where

Diagram 1
¥

E = Contribution to the kinetic energy
by & unit of explosive mess.

p, 9 = Splarical doordinates shown in
Diagram 1.

My = Mass per unit volume of explosive.
V, = Initial fragment velosity.

\g = Velooity of the gases.

7
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& .

" C = Total weight of explesive,

j

3 & = Inuer radius of the sphere,

|

:r M = Yotsl welght of fragments., .

;4_ i~ There results

-

P . ! a i 2

' CE=5+ MV, + V. dV

% - == E N N L4 = z Ms 13 d v ‘

i‘ - (5)
b It is tacitly csswied thut We is ucro at the center of

[ ] the missile, equal to the fr'gment velocity Vs at the surface
P of the missile, and varies liuearly between thesge tvo extreme
|- : points. Hathemotically, this statement can be erjiecsed as
1 )

P

‘ ] where (O& P‘ a

B ) I

1 o dV¥ in spherical coordiictes is

B ' .

o : 2V = o>

I dv-e s:inac)edfde (7)
L

| Substituting equations (6) and (7) in »quation (5) there results
b

P

J & Py

]

p 5 - 2 ,

| CE=+MV?+ —-«”-Te% 2in 6dpd o dg
oo Integrating equation (8) Lherc 1wu|

CE; % MY+ %7&»-13 1. -m‘ ()

‘ ‘, inge C = -‘éi-?x' ﬁs Mq Lo abo o sation con e exprv ed as
‘ ’ J
4 - L s ] & _
€ Mg dovt)
i o
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Solving for 7,

F—T
el ] Ty oS (1)
Equation (11) gives the initial fragment velooity for = .

spherical shell, If the same procedure 38 followed im sonsider
ing & oylindrioal shell there results

fa—
Y, = 2E |7 +:EM (12)

Figure 4 is a graph of these functionse.

iBe The valus | 2E is determined experimentally snd varies
with the oxplesive. Values* commcily used ares

= rea—

Explosive ¢B
13T 8000 £/s
Comp C3 8800 ©/s
Comp B §000 /s

1€. As stuted previously the Gurnsy formuls iz applicable in
the velocity anmlysis of a homogeneous shell., Recent experiments
conducted to determine fragment velocity of shell with combrolled
fragment masses have resulted in velocities as low as 70% of the
vilue predicted by the Guruey formuiae It 48 ourrently belisved
that the reducsd veleelly 42 ths result of gas blow=by between the
frogments. This gas blow~by ocours sconer with & controlled
fragment ahsll than with & oonventional shell, since the convene
tional shell will streteh, dus to its ductility, and obtulite the
gnses longer than the controlled fragment ahell which possuss iiittle,
if any, shell sirengthes In utilizing the Gurney formula for shslil
with controlled fragments, the designsr should mot be Voo
optimistic in oxpecting theoreticsl caloulated velosdty.

# Regently publiched values whish differ from the abovs
listed valuss are pressuted im NAVORD Report 2222 titlsd
Explosive Compariscn for Fragmentation Effectivensss
II Xugust 1663. This report also gives vaiues for Ghe
Gurray oconstant for many other types of explesives.
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17. In addition to the initial fragment veloeity, it is
negesaary to know the fragment velocity deeay as = function
of the mass, shars, and path of ths fragment.

18. Amathomatical expression for vsloolty decay is quite
eagily obtained by considering Newbton's Lew of Action

Ly 4
”‘ﬁ,’f’ = =Fa (13)

where
F& = Drag Feroe
m = Mass of the fragment
¥ = Velooity
Fa is commonly expressed as’
FisCpAoy? . (29)
wl;ere
A = Presented arcs of Lhs Sragment.
6 = Density of air,

Co = Drag ocoefficlent.

Substituting eq (14) in eg (13) there results

JY:.;AM
at

m (18)
where
BeCpb
congider further that
dY wdv dr - vaV 18
SrE S B.V.d_; (18)
10
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Equation {13) becomes
d¥ . _ BAdr ()
14 B 4]
Integrating
[
b Y = B_A 5 3+ C
! m
: (18)
Where €:," is the constent of integration
i -84
Fny
or Y = C{ C (19)
From the imitial condition =0,V &V, (20)
C eV,
Hence , ‘ &!

V - V°€ (21)

Equation 21 can also be expressed with a % se 10 as
. X w
| -G8 ¥
Y s v° 10

It has been experimentdlly found that & geod representative

value of B' for suporsonis velooities sround Mach 5 is
+0091 (Ref 3).

Therefore .A.l‘
«, 0081 22
- Vel 1070w (22)
where ﬁ—

mi# 1n cgs units

Vo is in £/s and v is in %

Table 1 gives values of ..;m Tor various shaped fragments.
Figurs 5 is & plot of tho veloaity decay (Vy/Vg) for various
sized spheres
11
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19. The user of Figure 5 should keep in mind that a
canstant drag cosfficient was assumed in the plotting of the
ourvess Provided fragment vsloelby rsmains above Mach 1.6,
the assumption of a conasbant drag cosfficient will probably
satisfy most engineering appliocations.

TARGET DAMAGE CRITERION

20. The rosulting squations of the subjecis discussed to
this point are perfectly general and applicable to any type
of targat. The type of targst is introduced when the vuluer=
ability of the target to impacting fragments is comsidered.
As mn example of the mathematioal treatment that is applied
to target vulnerability, the case of personmel targets will

be oonsidered.

21. Before recent experimentation, s human target was
considered lmocapmoitated if it was struck with at least one
froagment heving a kinetic energy of 58 foot=pounds or greatsr.
This has been superceded by a more refined and logical theory
(Ref 4 and B). The nreaent demege oriterion is sxpressed as
the conditional probability (Pkk) that a single fragment will

disable the target and it is & [unction of %f , where m is

the mass of the fragment, Yy is the striking velocity of the
fragment, and A is the cross~sectional area of the fragment.

Furthermore, time iz introduced into the critericn by plotting

the probability of disabling the target within 5 seconds,
within 30 ssconds, within 5 minutes, and within an unlimited
amount of time (Type B disablement). .

22, The»current antipersonnel. disablement curves are
shown in Figure 6. It can be readily obssrved that ngthing
in terms of lathal potential is gained by allowin.glle‘
becume rraater then 2,.5. Furthermore, no damage will f%su’t
if (u'ﬂj’m ie less than 1.0. *

23, Figura 7 graphically shows the differsnc~ between
thean!%& criterion and the kinetic-energy criterion for
disabling. For instanoce a 1/16-diameter fregment ic om the
threshold of disabling if it has a fragment velooity of
4000 £/s or 2 kinotic smergy of ® fi-1bs. The same fragment
has nearlv reached its lethality saturation valug if it has
a velocity of 8000 °/b which corresponds to & kinetic energy
of 35 ft-1bs,

* Thu,kk curves prasented in this report are by no meana fixcd

and are subject to change., One should therefore determine prior
to an analysis, the status of the disablement criterion he intends

to use.
1z
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LETHAL AREA

24. Bk is, as stated, the single-hit probability of
disabling the target. What is needsd, howsver, is the over=
81l probability (denoted as B ) of disabling the target.

This will, in effsot, vomsider the fact that the target will
receive & random number of hite. If then Fiam iz the probe
ability that a single hit will disable the target and Ej is
the expected number of hits, the expeoted number of disabling
hits, By . 15 aimpls '

Ex= ¢, FhK . (23)

The probability, Py , that the target will be disabled is
closely approximated by the Poisson probability function es

by

p AL

v

(24)
Figure 8 is = plot of this function.

25. The number of btargets disabled, NK v in detonating
& single misslle is thens

ae

Ne=] | 6 P dxdy (25)

~00 ~co

4
where ¢ 1s the nuwber of targets per unit area.

It &' is omsidered constant, equation (28) osa bs written

e = 6JT P dxdy (26)

T OO

By deflnition, the integral term is thé lethal area, A

‘_ L]
Hence )

°
At ;.ja dx dy
—Gé-aﬂ ) (27)

13
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If the fragment disztribution hae oircular s;,mmatry the lethal
area oan be expressed in polar aoordina.ces (q, an

A = g'rjt‘% Rdr
(28)

28. In & practical problem, the limits of imtegra-
tion will not extend to infinity but will be governed by
the imposed terrain limitation. Furtherxuore, Fx falls off
to zereo at & finits value of B

27. It should be pointed out thet the lethel area divided
by ths physical area covered by {ragments results in the
average probability of kill over the area covered by fragmenta.

28. The basic information for the caloulation of lsthal
area has been presented in the foregoing sections.

such optimum design parameters as fragment size, bomb size,
helght of burst, etc. Whewn all sxcepl ome parameters are held
constant, the variation in -lethal area can be determined as a
function of the varied parsmeter and an optimum value fer this
parameter can be established.

20 One gan -|-i1-(ue +'Imn audl '!n.f'ﬂ Q?ﬁwnank £ Ral—nmévna
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Appendix
Exampis

The following problem ia oi‘i‘ez ed to il.l.us’crate the use of
the computing form (Teble 2).

Given:

A three-inch-dismeter missile with 1/4-inch-dismetsr
steel fragments.

229.0 grams
40&.0 grams
-300 (oge units)

4

?? ™
[

Explosive = INT
To Find,

The lethal area of the missile cmsidering a 15«£%t

terrala limitsitien, Type B disablement, and ground=burst
funotioning.

The nurnber of fra.gments per square inch of missile surface
can be approximated by vhe f‘omula. whore d is the djameter

'3 - -

.3 % . .ﬂ.-_ -~
of the Frasment 1a ine s2n vhem Yo valoulatsa Irom

equation (3) by le'b‘bing R" i. d) % fr,

1
'

The rest of the form 1s fiiled out as indicated by the
colunn heads.

The symbel £ 15 uwoa by the author as a notation indica=
ting integration by the trapezoidal rule.

Diagrammatioallys
Golumn Coluan
(18) (19)
£ e
3 %
= -+ .
_“¢=gm_ji,? B -
| 82 Y_dmestl /%
. o™
&3 — S]_ l 2en ,{ 3
| + .
o a1 f 28z f 26y /g
¢ 2 28
. - al_ . a&?. [ 5 ﬁl4 3“5
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